The anatomical variability of the human brain folds remains an unclear and challenging issue. Several hypotheses coexist for explaining the rapid development of cortical sulci and it is clear that understanding their variability would improve the comparison of anatomical and functional data across cohorts of subjects. In this article we propose to extend a model of cortical folding based on reaction-diffusion mechanisms. The originality of our approach lies in the fact that the surface on which these mechanisms take place is deformed iteratively and engenders geometric patterns that can be linked to cortical sulci. We show that some statistic properties of our model can reflect the variability of sulcal structures.
INTRODUCTION
Folding or buckling are very general processes in nature and among living organisms. For a long time it has been well known that the human brain folds during its development but imaging techniques such as MRI have allowed recently to visualize non invasively and to quantify precisely the emergence of gyri and sulci [1] . Understanding the appearance of these anatomical structures is crucial in order to address the issue of their variability in the human brain. It can namely yield comparisons between brains of different subjects in group analysis in fMRI of anatomical morphometry.
There exist several hypotheses explaining the emergence of cortical folds. The most popular assume differential growth of neuronal layers [2] , mechanical tensions of white matter fibers [3] or elasticity/plasticity of the brain combined with anisotropies of mechanical properties [4] . There exists also a descriptive approach of brain folding with the sulcal roots model [5] . Sulcal roots would correspond to the first dimples appearing on the cortical surface. They would represent elementary anatomical entities located in the sulci around which the brain folding would structure itself. This model echoes the sulcal pits approach [6] , [7] which focuses on the deepest parts of sulci as reproducible anatomical landmarkes. In our approach we try to formalize these two concepts in terms of reaction-diffusion mechanisms. We will expose these mechanisms in the second part of the article before to present some results obtained on simulations.
MODELLING BRAIN GYRIFICATION

Reaction-Diffusion mechanisms
Cartwright [8] suggested first a similarity between labyrinthine Turing patterns and brain gyri. He proposed to model the cortical anatomy as obtained by a reaction-diffusion mechanism and more especially by Van Der Pol-Fitz Hugh Nagumo equations. The mechanism will correspond to axonal pathfinding with diffusing chemicals that activate axon growth or inhibit it [9] .
We aim at extending the analogy first formulated by Cartwright using a system of reaction-diffusion equations that will modify the surface on which the equations take place starting from initial conditions modeling sulcal roots [5] . Namely the reaction diffusion system models the nonlinear interaction of two morphogens U and V or in other terms growth factors. These growth factors are characterized by the fact that they will tend to deform the surface on which they evolve. We can note that this approach has been previously used in the case of plant growth [10] and that reaction-diffusion equations on surfaces have also been adopted to apply textures on meshes [11] .
Our choice of the reaction-difusion equations differs from the one of Cartwright since we have adopted the Gray-Scott model :
which exhibits a high number of patterns for different values of F and k [12] .
Surface deformation
Following ideas of [10] , we suppose that the evolution of the studied surface M is driven by the morphogens U and V . In mathematical terms we have that
where N is the normal to the surface and h a function of the two morphogens. The simplest case for h that we have adopted in the following is a linear function of one morphogen :
where K is a parameter in R.
Numerical implementation
Since we work on discrete meshes we have used a finite element method to discretize the linear terms in the equations 1 and 2. First we derive a weak formulation of the system on
with non-linear terms included in f using a test function W :
Then, integrating by part the Laplacian term we get :
where g is the scalar product associated to the Riemannian manifold M.
Next we work on a discrete tessellation M h of the surface M composed of N vertices. We define N functions w i : p ∈ M h → R which are continuous piecewise affine, with the property to be equal to 1 at node i and 0 at all other triangle nodes. They are the basis functions for the approximation on the functional space of finite dimension N . So any function U continuous piecewise affine reads :
The weak formulation becomes :
It is possible to treat the non-linear term with the following approximation as in [13] :
then discretizing implicitly and explicitly in time between t n and t n+1 = t n + Δt, we have the iterative equation :
Next we translate equation 3 by simply modifying each vertex v
Although this incremental procedure can rapidly lead to abnormal deformation of the original mesh, we have used triangle refinements in order to prevent this issue. When the area of a triangle exceeds two times the averaged area of the triangles of the original mesh we simply divide the triangle in four triangles constructed from the three midpoints of each side Fig. 1 . Fig. 1 . Mesh refinement procedure. When the area of a triangle ABC exceeds two times the averaged area of the triangles of the original mesh we divide the original triangle in four triangles constructed from the three midpoints A',B',C' of each side. We note that the evolution specified by the coupled reaction-diffusion equations and the surface deformation leads to a progressive folding of the initial sphere. 
RESULTS
Labyrinthine patterns
Influence of the noise
In this part we propose to investigate the influence of noise in the spatial position of the folds. In particular we aim at demonstrating that the reaction diffusion mechanism is able to generate reproducible folds at certain specific locations but can also engender variability at other locations. For this we simulate 50 realizations of the folding process from different noisy initial conditions U = 1 2 + n and V = 1 4 + n. We consider the curvature maps κ(x, t) and the thresholded maps M (x, t) = 1 κ(x,t)<0 at time t = 4000 and interpolate them on the same smoothed mesh. Then we sum the binary thresholded maps in order to see areas of reproducibility :
On Fig. 3 we can clearly observe that the sum of the binary maps representing the averaged pattern of folding have a spatial structure and do not organize randomly. In particular Fig. 4 . Map of sulcal pits adapted from [6] . The red arrow indicate the superior temporal sulcus while the four black arrows show secondary folds. Fig. 5 . Two different modes of variability for the main fold observed on Fig. 3 . We can see that the main sulcus, in one part at left, is interrupted by a gyrus surrounded in white at right.
we notice a big longitudinal fold that comes across the surface and seems to be very reproducible among the 50 simulations. Moreover we note that other smaller reproducible folds are positioned perpendicularly to the main fold. This figure echoes the map of sulcal pits in [6] that we have adapted here on Fig 4. On Fig. 5 we illustrate however the variability of the main fold through two different scenarios of buckling. On the left figure we can see a mode that follows the main distribution previously described on Fig. 3 that is in which the main fold is in one part. The right figure underlines the fact there can be outliers of the distribution in which the main fold is interrupted by a gyrus. So it is composed of two separate parts.
More generally Fig. 6 shows the different modes of variability of the main fold among the 50 simulations. In 60% of cases it is composed of one segment, in 26% of two segments, in 10% of three segments and in 2% of four and six segments. The determination of connected components has been done by visual inspection.
We can find a direct analogy between this main fold and the primary folds described in the literature [14] . Primary folds are indeed characterized by their early time of appearance and their reproducibility across subjects. If we follow the comparison we can link the smaller structures found on Fig. 3 to the secondary or tertiary folds that are more posterior and variable than the primary ones. Moreover we have shown that in spite of its strong reproducibility the main fold could be broken in two separate parts by a gyrus. This result echoes previous studies [14] , [15] where it is shown that some primary sulci reveal variability in their topology. For instance in [15] the superior temporal sulcus is continuous in one third of the cases (36% on the left hemisphere and 28% on the right), in two segments in 48% on the right and 32% on the left. The gyrus that separate our main structure could also be interpreted in terms of "pli de passage" [5] .
CONCLUSION
We have proposed an extended framework for modeling the cortical folding. It is based on a system of coupled reactiondiffusion equations defined on a surface that evolves through the action of morphogens. We show that for some parameters the model gives rise to geometric patterns that can be related to cortical sulci. We also demonstrate that under the effect of noise the system yields morphological variability in these cortical structures. In future developments we plan to investigate the difficult issue of estimating good values of parameters with respect to a given sequence of cortical surfaces across development.
